The cutting plane refutation system CP for propositional logic is an extension of resolution and is based on showing the non-existence of solutions for families of integer linear inequalities. We de ne the system CP + , a modi cation of the cutting plane system, and show that CP + can polynomially simulate Frege systems F. In 8], it is shown that F polynomially simulates CP + , so both systems are polynomially equivalent.
Introduction
The cutting planes (CP ) system 14, 15, 18 ] is a refutation system for propositional logic, which is a natural extension of resolution and is based on showing the non-existence of solutions for a family of integer linear inequalities associated with a propositional formula A to be refuted. The system CP, initially coming from work in operations research, was shown in 14] to be a sound and complete proof system for all tautologies in disjunctive normal form.
The pigeonhole principle states that if one places n + 1 letters into n boxes, then one box contains 2 letters. The negation of PHP n can be expressed in conjunctive normal form by a formula of size O(n 3 ). In 17], A. Haken solved a long-standing open problem by showing the non-existence of polynomial size resolution proofs for the pigeonhole principle. By using combinatorial arguments related to lower bounds for constant depth boolean circuit size for counting and graph theoretic problems, M. Ajtai 1] proved the non-existence of polynomial size, constant depth Frege proofs for PHP n . Ajtai's superpolynomial lower bound was recently extended to an exponential lower bound independently by Kraj cek, Pudl ak, Woods 20] and Pitassi, Beame, Impagliazzo 23]. S.R. Buss 6] surprisingly showed the existence of polynomial size Frege proofs of the pigeonhole principle, and W. Cook et al. 14] gave a simple polynomial size family of cutting plane proofs of PHP n . A. Goerdt 15] has recently proved that Frege systems polynomially simulate cutting planes proofs, thus via 14] furnishing another proof of Buss' result. Yet another proof is given in 11], reasoning in a free variable equational logic ALV 0 related to the system PV of S.A. Cook 12] .
In 16] A. Goerdt raised the question whether cutting planes can polynomially simulate constant depth Frege proofs. (See 9] for a related list of open problems.) Since cutting plane proofs require the refutable propositional formula to be in conjunctive normal form, a condition by no means required for constant depth Frege proofs, we consider cutting planes refutation proofs with limited extension, denoted by CPLE. Limited extension was rst introduced in the context of resolution refutations, allowing resolution to be applied to arbitrary refutable formulas, rather than only those in conjunctive normal form. A natural approach in trying to solve Goerdt's question in the a rmative is to prove an e ective version of cut elimination. Cut elimination, in the context of refutation systems, states that if A^(B _ :B) is refutable, then A is refutable. An e ective form of cut elimination seems necessary for a positive answer to Goerdt's question. For in order to simulate the application of the cut rule, which allows one to infer D _ E from proofs of C _ D and :C _ E, one must show that from the hypothesis that :(C _ D) and :(:C _ E) are refutable, it is the case that :C^:(D _ ). This is done by proving 1 In 10] the system CPLE + (CP + with limited extension) was de ned and it was shown that CPLE + polynomially simulates constant depth Frege systems. I am indebted to S.R. Buss for pointing out how the proof can be extended to obtain the stronger result that CPLE + polynomially simulates Frege systems. It follows from the techniques of this paper that CP + and CPLE + are polynomially equivalent. In the interest of economy of space, no mention of CPLE + is made in this paper. The plan of the paper is as follows. In section 2, we de ne the cutting plane refutation system as well as the extensions CP + and CPLE. We give polynomial size CP proofs of the equipartition principle, prove a non-e ective cut elimination result for CPLE based on a traditional approach of induction on formulas, and prove lemmas useful for our ultimate polynomial simulation result.
In section 3, we prove an e ective cut elimination result for CP + and deduce that CP + polynomially simulates Frege systems. As well, an alternate proof is given which directly translates Frege proofs into CP + proofs. As the cutting plane system appears to be weaker than Frege systems, it seems the most natural proof system for which one can hope to obtain superpolynomial lower bounds for proof size. Indeed, Impagliazzo, Pitassi and Urquhart 25] have recently obtained exponential lower bounds for tree-like cutting plane proofs. A possible candidate for hard CPLE proofs is a suitable propositional logic formulation of the Paris-Harrington or Kanamori-McAloon combinatorial principle 21, 22, 19] given in the last section.
De nitions and preliminary results
In 15] A. Goerdt de nes the cutting plane CP refutation system as follows.
Cutting plane formulas are linear inequalities of the form a 1 x 1 + + a n x n b where the x i are integer variables and a i ; b 2 Z. Goerdt For an arbitrary proof system (semantic tableaux, resolution, cutting plane, constant depth Frege, Frege, extended Frege, etc.), the length of a proof is the number of formulas in the proof and the size of a proof is the total number of symbols in the proof (integers are represented in binary). The following de nitions are due to Cook and Reckhow in 13] .
Let taut denote the collection of propositional tautologies.
De nition 5 Let P 1 , P 2 be arbitrary proof systems for propositional logic. The system P 1 polynomially simulates system P 2 , i there is a polynomial p(x) such that for any proof Q of formula A in P 2 , there is a proof P of (the formula corresponding to) A in P 1 and the size(P) p(size(Q)).
Throughout this paper, we prove polynomial simulation results. However, since the underlying proof transformations are given by a polynomial time computable function, our results are in fact p-simulation results. The following proposition is clear.
Proposition 6
The cutting plane proof system, as formulated by Goerdt 15] and the above de ned CP each p-simulate each other.
De nition 7 The k-equipartition principle for n, denoted k ?EQ n , states that if n is not evenly divisible by k, then there is no partition of f0; : : : ; n ? 1g into disjoint sets of size k. all belong to the same partition class. Let J = f(j 1 ; : : : ; j k ) : 1 j 1 < < j k ng. For| 2 J, we write i 2| (resp. i 6 2|) to mean that there exists (resp. does not exist) 1 ` k such that i = j`. For 1 i n, let J i = f| 2 J : i 6 2|g. Suppose that n 6 0 mod (k + 1). Then the negation of (k + 1) ? EQ n can be x i;| 1; for each xed 1 i n: (2) Adding these n inequalities together yields (k + 1) X 1 i<j1< <j k n x i;j1;:::;j k n; (3) and so by the division rule (1) 
Summing the inequalities of (5) over all 1 i n yields a derivation of n (k + 1) Though not formally part of the syntax, the oor operator bE=cc could be de ned by ?d?E=ce.
Extend the de nition of Div(c; E; E 0 ) for expressions E; E 0 2 E 8. y + z + u 1 by division by 2
As resolution and resolution with limited extension are well-known to be complete, the result follows.
The soundness and completeness of CP is due to 18]. In 14] it is shown that if A has a resolution refutation of N lines, then A has a CP refutation of O(N) lines.
In 12], the system ER of extended resolution is considered. Along similar lines, one could de ne the systems ECP and ECP The translations are given as follows. 
Main results
We now present the translation from Frege system F to CP + , and show the simulation by a direct proof as well as by an e ective version of cut elimination. Throughout the remainder of the paper resolution and proof refer to CP + resolution and proof, unless otherwise stated. First some de nitions.
De nition 35 Let A be a propositional formula and C be a set of propositional formulas. By induction on the formation of A, we Lemma 38 Let B be a formula of size s. Let Proof By the preceding lemmas 38, 39, 40, 41, we know that there exist con- Finally the size of P 000 is at most that of P 00 . The constants in ; are easily determined from the constants in lemmas 38, 39, 40, 41.
We now can obtain an e ective version of the cut elimination theorem. Ramsey's theorem is a generalization of the pigeonhole principle, which states that for n; m; k arbitrary integers, there exists a su ciently large integer N such that for any m-coloring of the n-size subsets of f0; : : :; Ng, there exists a subset of f0; : : : ; Ng of size k, all of whose n-size subsets have the same color. The size k subset with this property is called monochromatic (or homogeneous). It is well-known that the least value of N satisfying the previous assertion, as a function of n; m; k is exponential in these parameters. By expressing the statement \for any m-coloring of the n-size subsets of N there is a k-size monochromatic subset", where k is an appropriate function involving the logarithm of N, one can express Ramsey's theorem in propositional 
